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The Histogram Probabilistic Multi-Hypothesis Tracker

(H-PMHT) is a parametric track before detect algorithm. This ar-

ticle discusses practical issues faced in producing an operationally

relevant implementation of the algorithm. The performance of H-

PMHT is demonstrated on a high resolution radar example con-

taining a small boat in challenging clutter and compared with a

conventional solution based on image segmentation and the Proba-

bilistic Data Association Filter.
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1. INTRODUCTION

The conventional tracking paradigm is to sequen-

tially apply a single frame detector to each sensor frame

and then employ a tracking algorithm to determine

which detector outputs originate from targets and which

are false alarms. The tracker associates detections from

a particular target and estimates parameters of interest

for the target [3], [1]. The obvious shortcoming of this

approach is that it is impossible for the tracker to recover

a target if there are no detector outputs. For low signal

strength targets, this implies that the detector threshold

must be low and the tracker must attempt to suppress

a large number of false alarms. In practice, the tracker

can only do so much and for very low signal strength

targets, conventional tracking fails [8].

In contrast, track-before-detect (TkBD) algorithms

supply the whole predetection sensor frame to the

tracker. In essence the tracking problem remains the

same, but the measurement function is different. What

makes TkBD challenging is that the relationship be-

tween the sensor frame and the target state is non-linear

and often non-Gaussian, whereas point measurements

may often be treated as linear and Gaussian. Apart

from a small number of special cases, non-linear non-

Gaussian estimation problems cannot be solved with a

closed form algorithm. Instead, TkBD algorithms gen-

erally use a numerical approximation to make the prob-

lem tractable. The numerical approximation may take

the form of a fixed discrete grid in state space [17],

[2], [21], or a stochastic sampling method may be used

(i.e., a particle filter) [19], [4], [18]. Alternatively, the

data likelihood ratio may be viewed as an increasing

function and the likelihood given a particular state se-

quence approximated by incoherent or binary integra-

tion [14], [20].

The Histogram Probabilistic Multi-Hypothesis

Tracker (H-PMHT) is an exception: it is a TkBD algo-

rithm that does not use numerical approximation [22],

[24]. H-PMHT uses a unique histogram interpretation of

the sensor frame and expectation maximisation (EM) to

treat the TkBD problem as one of mixture fitting. The

algorithm has the advantage of being capable of han-

dling multiple targets whereas the numerical methods

usually assume a single target. In addition, it does not

require an assumed statistical distribution for the ampli-

tude of the scene background, which may be difficult

to adequately approximate in a realistic application.

Despite its advantages, little work has been pub-

lished on H-PMHT besides the original algorithm de-

velopment [22], [24] and its extension to spectral data

[23]. Pakfiliz and Efe presented marginalised expres-

sions for a two-dimensional filtering problem and com-

pared H-PMHT with a conventional tracking approach

(Interacting Multiple Model Probabilistic Data Associ-

ation with Amplitude Information) [16]. They showed

that H-PMHT provided lower estimation errors. How-

ever, the comparison used two independent simulated
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data sets rather than producing the point-measurements

for the conventional tracker from the sensor frame pro-

vided to H-PMHT. Also, the issue of track initiation,

which is essentially the whole purpose of TkBD, was

not considered. Davey, et al. [8] compared the initia-

tion performance of H-PMHT with other TkBD meth-

ods and with sequential detection and tracking using

simple straight line scenarios. The comparison showed

that H-PMHT provided detection and estimation perfor-

mance similar to the other TkBD approaches considered

but at a fraction of the computation cost. While these re-

sults provide strong motivation for using H-PMHT, the

scenarios were simplistic and not operationally relevant.

Also, only limited implementation information was pro-

vided. Recently, Wieneke used a Wishart prior to enable

the H-PMHT to estimate the covariance matrix of the

target signature [26] and Davey demonstrated how a

particle filter could be used for target state estimates

when the target signature is highly non-Gaussian [6].

This article builds on the comparisons already avail-

able and addresses whether the algorithm still performs

well with real sensor data, which inevitably does not

match the modeling assumptions. It shows that the ad-

vantages illustrated on thumbnail images in [8] do ex-

trapolate to larger, more relevant image sizes. The per-

formance of the algorithm is investigated as a function

of the image size, the number of targets and of the dy-

namic range in target echo strength. A matrix-vector

form of the algorithm is derived for the case of a two

dimensional sensor image frame and this is shown to

significantly improve implementation efficiency. An ef-

ficient method for incorporating non-Gaussian targets

is developed and compared with the computationally

demanding particle filter approach introduced in [6].

Finally the H-PMHT is then demonstrated on an ex-

perimental data set containing a small boat collected by

Defence Research and Development Canada (DRDC)

[13]. The performance of H-PMHT on the experimental

data is compared with a conventional tracking approach

consisting of an image segmentation detector and two

alternate trackers: a Probabilistic Data Association Fil-

ter (PDAF) and a point-measurement PMHT. The main

purpose of this example is not a quantitative compar-

ison, but rather to qualitatively investigate the scaling

performance of the algorithm to high resolution radar

imagery and the sensitivity of the algorithm to mismatch

in the target and clutter models.

The article is arranged as follows: a review of the

H-PMHT is presented in Section 2; Section 3 illustrates

the performance scaling of the algorithm as a function

of the measurement image volume, number of targets

and diversity of targets, and derives an efficient im-

plementation representation for two dimensional sensor

images; Section 4 presents a track management method

for H-PMHT; Section 5 introduces a new method for

non-Gaussian targets; and Section 6 compares the per-

formance of H-PMHT and conventional tracking on a

challenging maritime surveillance experiment.

2. REVIEW OF H-PMHT

The H-PMHT algorithm, as introduced in [22], is

now reviewed. H-PMHT is derived by interpreting the

sensor image as a histogram of observations of an

underlying random process. The received energy in each

cell is quantised, and the resulting integer is treated

as a count of the number of measurements that fell

within that cell. The sum over all of the cells is the total

number of measurements taken. The probability mass

function for these discrete measurements is modelled as

a multinomial distribution where the probability mass

for each cell is the superposition of target and noise

contributions.

The probability that an individual histogram shot

falls in cell l is
Pl(Xt)

P(Xt)
(1)

where

P(Xt)´
X
l

Pl(Xt) (2)

and

Pl(Xt) =

Z
Bl

f(¿ jXt)d¿: (3)

The spatial extent of cell l (which is of arbitrary dimen-

sionality) is Bl and Xt is the system state vector at time

t, i.e., it summarises all of the targets.

The underlying continuous spatial density, f(¿ jXt)
is the superposition of a background clutter model and

M target components

f(¿ jXt)´ f(¿ jXt;¦t) = ¼0t G0(¿) +
MX
m=1

¼mt G
m(¿ j xmt )

(4)

where xmt is the state of the mth target and the mixing

proportions form a probability vector, i.e., ¼mt ¸ 0 and
MX
m=0

¼mt = 1: (5)

The mixing proportions can be interpreted as the rela-

tive power of each target. In the simplest case, the back-

ground clutter model is uniform and G0(¿) is a constant.

In spatially non-uniform clutter, mapping approaches

such as [5], [10] may be used. The target component

Gm(¿ j xmt ) may be common across targets, e.g. it could
represent the point spread function (psf) for a sensor

observing point scatterers, or each target may have a

unique signature, such as with high resolution optical

sensors. Either way, it is assumed to have a known func-

tional form with potentially unknown parameters.

H-PMHT is an EM algorithm that treats the assign-

ment of histogram shots to model components and the

precise location of shots as missing data. In addition, it

allows for unobserved cells. These are notionally sen-

sor pixels for which no data was collected. One use

for this concept is in tracking targets near the edge of

the sensor frame [24]. The data from these unobserved
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cells is also treated as missing data. Assuming an ex-

isting estimate of the system state, X(i)t , and the mixing

proportions, ¦ (i)t , H-PMHT determines the probability

of the missing data (E-step) and then refines the state

estimate (M-step).

Denote the per-cell proportion of the contribution of

target m at time t as

Pml (x
m(i)
t ) =

Z
Bl

Gm(¿ j xm(i)t )d¿ (6)

then

Pl(X
(i)
t ) =

MX
m=0

¼m(i)t Pml (x
m(i)
t ): (7)

The observed power in cell l at time t is denoted ztl.

Define
kZtk=

X
l

ztl (8)

namely the L1 norm, and let

z̄tl =

8>><>>:
ztl

Pl(X
(i)
t )

l 2 L

kZtk
P(X(i)t )

l 2 L̄
(9)

where L is the set of all observed cells and L̄ is the set
of all unobserved cells, which may be empty. S is the
union of sets L and L̄.
The parameters to be estimated are the mixing pro-

portions, ¼mt and the target states, x
m
t . The updated mix-

ing proportion estimate is given by

¼m(i+1)t =
pm(i)tPM
m=0p

m(i)
t

(10)

where
pm(i)t = ¼m(i)t

X
l2S
z̄tlP

m
l (x

m(i)
t ): (11)

The state estimate requires the maximisation of the

function

QmX =

TX
t=1

kZtk
P(X(i)t )

logfp(xmt j xmt¡1)g

+

TX
t=1

X
l2S
¼m(i)t z̄tl

Z
Bl

Gm(¿ j xm(i)t ) logfGm(¿ j xmt )gd¿:

(12)

For the case of linear Gaussian statistics, Streit [22]

demonstrated that this maximisation problem is equiva-

lent to a point measurement filtering problem with syn-

thetic measurements

z̃m(i)t =
¼m(i)t

p
m(i)
t

X
l2S
z̄tlP

m
l (x

m(i)
t )z̃

m(i)
tl (13)

where the cell-level centroid, z̃m(i)t , is given by

z̃m(i)tl =
1

Pml (x
m(i)
t )

Z
Bl

¿Gm(¿ j xm(i)t )d¿: (14)

The associated synthetic measurement covariance is

R̃mt =
1

p
m(i)
t

Rmt (15)

and the synthetic process covariance is

Q̃mt =
P(Xit )

kZtk
Qmt : (16)

A Kalman Filter can be used to solve this point

measurement filtering problem.

The H-PMHT algorithm then consists of iteratively

equating:

² cell probabilities, (6) and (7)
² expected measurements, (9)
² cell-level centroids, (14)
² synthetic measurements and covariance matrices,

(13), (15) and (16)

² mixing proportion estimates, (10)
² target state estimates, by filtering the synthetic mea-
surements and covariances

3. EFFICIENT IMPLEMENTATION

The majority of the H-PMHT literature does not

discuss the computation resource required for the al-

gorithm. The exception is the comparison work in [8],

which shows that the algorithm is inexpensive compared

with other TkBD methods on thumbnail images. How-

ever, it is intuitive that a direct implementation of the

equations reviewed in the previous section will have a

computation cost that scales linearly with the number of

pixels in the data image. This is consistent with results

reported by Vo, et al. [25] where a non-linear growth

was found as a function of resolution (the authors of

[25] suggest that this growth is exponential, although

one should expect it to be quadratic). This growth is

clearly undesirable and potentially disastrous for video

imagery, which can be expected to contain millions of

pixels.

We now demonstrate that with a little finesse, this

quadratic complexity can be tamed, and introduce other

measures aimed at improved efficiency.

3.1. Pixel Gating

The standard H-PMHT equations as presented in

Section 2 show a linear complexity in the number of

targets and the number of pixels in the sensor image.

Put simply, there are a number of operations which (at

first blush) should be performed for each target over

every pixel. However, intuition suggests that pixels very

distant from the target state estimate will have negligible

influence.

This is nothing more than an expression of the ubiq-

uitous method of gating for point-measurement estima-

tors. For example, under Probabilistic Data Association

or point-measurement PMHT, one could calculate an

association probability for every measurement in the
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frame, but many of these measurements are so far away

from the target that we know their association probabil-

ity will be zero: there is no need to waste the computer’s

time in calculating these numbers.

To make this discussion more crisp, let Gm be the
set of cells with non-negligible probability for target m,

namely Gm ´ fl : Pml (xmt )> ²g for some arbitrary small
². Equation (11) can then be replaced with

pm(i)t = ¼m(i)t

X
l2Gm

z̄tlP
m
l (x

m(i)
t ) (17)

and similarly for (13).

It is clear that for a fixed target, the cardinality of

Gm is independent of the cardinality of S, ignoring edge
effects. That is, the complexity is independent of the

image size for a fixed target size.

3.2. Clustering

Another common method for reducing complexity

in multi-target trackers is clustering [3]. For algorithms

whose computation complexity is more than linear in

the number of targets, it makes sense to divide the

total set of targets into subsets of potentially interacting

targets such that each subset is independent of the

others. These subsets are commonly called clusters and

the process of forming them clustering. For H-PMHT

the complexity is linear in the number of targets, so

there would seem to be no real advantage in performing

clustering.

While clustering will not improve the computation

cost for H-PMHT, it will make a difference to the mem-

ory requirements. Assuming the gating approach de-

scribed above, there will be a collection of gates, Gm.
Each track only needs to operate over the pixels in its

own gate. However, there are some actions that operate

over the whole image. Specifically, the overall cell prob-

ability Pl(Xt) should be determined for the region
SGm,

and some of the track management functions to follow

operate over the whole image. If clustering is used, then

the amount of memory required for large arrays would

be reduced. The performance improvement gained can

be significant for large images where memory caching

plays an important role in overall speed.

Clustering methods are well known in the context

of point-measurement multi-target tracking and are not

pursued in this paper.

3.3. Partial EM Update

H-PMHT is an EM algorithm that iterates data as-

sociation and state estimation stages until convergence.

The proper way to measure this convergence is through

the EM auxiliary function, which can be expressed as

Q(X,¦ j X(i),¦ (i)) =
TX
t=1

Qt¦ +

MX
m=0

QmX (18)

where the term Qt¦ depends only on the mixing propor-

tions, and each term QmX depend on the state sequence

of a single target [22]. Importantly, the target state se-

quences are not coupled, so each QmX can be indepen-

dently optimised and the estimation stage is a bank of

parallel single target estimators.

EM iterations should be repeated until (18) con-

verges, i.e., all target states and the mixing proportions

are estimated repeatedly until convergence. The Qt¦
term couples all the targets together through normalisa-

tion, so this term will not converge until all of the target

states converge. However, it is likely that each target

will converge at a different rate. In particular, when a

track has been spuriously initiated without the support

of a real target, the state estimates will usually converge

very quickly, since the data association stage finds no

support for the track and it essentially dead-reckons. In

contrast, tracks that are initiated on a real target response

may take many iterations to recover from initialisation

error, particularly if the target velocity is high. So it is

likely that much effort would be spent repeating the esti-

mation of target states for some tracks that have already

converged while the algorithm waits for other tracks that

have not converged.

An intuitive way to reduce the redundant reestima-

tion of converged states is to use partial EM steps. Un-

der a partial EM step, only a subset of the states are

iterated. Because of the factorised form of the auxiliary

function (18), the only way that a change in the state

of target m will effect the target auxiliary component

for a different target p, Q
p
X , is if the change in the state

of target m affects the data association stage for target

p. Under the assumption that this will not happen if

target p has already converged, then one may employ

a partial EM iteration that keeps the state of p fixed

and refines the state of m. This not only saves on the

computation required for the estimator of p, but also the

computation required for the cell probabilities, expected

measurements, centroids and synthetic measurements.

Adopting partial EM iterations in this manner can re-

duce the overall algorithm resource requirement by as

much as an order of magnitude because the majority

of the tracks carried by the algorithm are spurious and

converge very quickly.

In practice the convergence test for the algorithm

will limit the number of iterations based on the max-

imum tolerable processing delay per frame. By using

partial updates, the time taken for each iteration is re-

duced as the iteration count increases, since fewer tracks

still require refinement. The result is that a much greater

maximum number of iterations may be used without

significant impact on the overall algorithm speed.

The partial-EM H-PMHT consists of the following

steps:

² For converged tracks, fix the cell probabilities using
the value determined on the final iteration before

convergence.
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² For non-converged tracks, determine the new cell

probabilities for this iteration using (6).

² Calculate the overall cell probabilities (7).
² For non-converged tracks determine:
² expected measurements, (9)
² cell-level centroids, (14)
² synthetic measurements and covariance matrices,

(13), (15) and (16)

² target state estimates, by filtering the synthetic mea-
surements and covariances

² For all tracks, determine new mixing proportion esti-
mates, (10)

In principle the convergence test should be based on

the cost function element QmX . However, the only reason

to determine this quantity is to test for convergence, and

this is relatively expensive. Therefore the implementa-

tion used in this paper used a convergence test based

on the target state: when the difference between the

state estimates for consecutive iterations dropped be-

low a threshold, the track was deemed converged. A

maximum of ten iterations was also applied.

3.4. Separable Measurement Function

The H-PMHT derivation uses single indexing of the

sensor cells. Single indexing does not limit the sensor

dimensionality, but it makes it more difficult to decouple

the sensor dimensions if they are independent. For the

following, assume a two dimensional sensor with an

independent grid such thatZ
Bl

G(¿ j x)d¿ ´
Z
Bi
X

Z
B
j

Y

G(u,v j x)dvdu (19)

where the arbitrary index l corresponds to the same cell

as the arbitrary double index i,j.

Assume also a separable point spread function:

G(u,v j x)´ gX(u j x)gY(v j x): (20)

The standard H-PMHT equations presented in the

previous section can solve this problem, but it’s desir-

able to exploit the structure of the target function to

achieve a factorised algorithm. The results derived here

are equivalent to the algorithm presented in [16]. Here

more detail is shown to justify the end result and com-

pact vector notation is adopted to help make compact

intuitive expressions and to point towards efficient im-

plementation.

In the following discussion, the time subscripts and

iteration indices are suppressed to simplify notation.

The per-cell target probabilities (6) directly factorise

into a product of two integrals:

Pmij (x
m
t ) =

(Z
Bi
X

gX(u j xm)du
)(Z

B
j

Y

gY(v j xm)dv
)

´ PmX (i)PmY (j): (21)

Define the stacked vectors

PmX = [P
m
X (1),P

m
X (2), : : :P

m
X (NX)]

T (22)

where NX is the number of cells in the X-dimension.

Similarly define PmY .

Let PX be a matrix of the X per-cell contributions

PX = [P
0
X ,P

1
X , : : :P

M
X ] (23)

and similarly define PY, then

P´ fPij(X)g=
(

MX
m=0

¼mPmij (x
m)

)
= PX¤P

T
Y (24)

where ¤ is a diagonal matrix of the ¼m. Note that

(24) is simply a matrix-vector version of (7). They are

equivalent, but (24) represents an explicit factorisation

of (7) exploiting the separable point spread function.

The normalised measurements are

Z̄= Zt:=P (25)

where the Matlab-style := notation denotes element-wise

division.

The unscaled mixing proportion estimate is given by

pm = ¼m
X
i,j

z̄ijP
m
X (i)P

m
Y (j) = ¼

mfPmXgT Z̄PmY : (26)

Again, (26) is equivalent to (11) but explicitly factorises

the calculation of pm due to the separable point spread

function.

The cell-level centroids are given by

z̃mij =
1

PmX (i)P
m
Y (j)

Z
Bi
X

Z
B
j

Y

·
u

v

¸
gX(u j xm)gY(v j xm)dvdu,

=
1

PmX (i)P
m
Y (j)

"R
Bi
X

R
B
j

Y

ugX(u j xm)gY(v j xmt )dvduR
Bi
X

R
B
j

Y

vgX(u j xm)gY(v j xmt )dvdu

#

=
1

PmX (i)P
m
Y (j)

"
PmY (j)

R
Bi
X

ugX(u j xm)du
PmX (i)

R
B
j

Y

vgY(v j xm)dv

#

=

"
1=PmX (i)

R
Bi
X

ugX(u j xm)du
1=PmY (j)

R
B
j

Y

vgY(v j xm)dv

#
´
·
z̃mX (i)=P

m
X (i)

z̃mY (j)=P
m
Y (j)

¸
(27)

i.e., as intuitively expected, the centroids are indepen-

dent in the sensing dimensions. Note that the term z̃ is

different to (14) in that it does not include the normalis-

ing term (abusing notation, z̃m14 = z̃
m
27=P

m). This has been

done to achieve a more efficient vector formulation in

the following step.

DAVEY: DETECTING A SMALL BOAT USING HISTOGRAM PMHT 171



Thus the synthetic measurements are

z̃m =
¼m

pm

X
i

X
j

z̄ijP
m
X (i)P

m
Y (j)z̃

m
ij ,

=
¼m

pm

· P
i

P
j z̄ijP

m
X (i)P

m
Y (j)z̃

m
X (i)=P

m
X (i)P

i

P
j z̄ijP

m
X (i)P

m
Y (j)z̃

m
Y (j)=P

m
Y (j)

¸

=
¼m

pm

24Pi z̃
m
X (i)

nP
j z̄ijP

m
Y (j)

o
P
j z̃
m
Y (j)

nP
i z̄ijP

m
X (i)

o
35

=
¼m

pm

·fz̃mXgTZ̄PmY
fPmXgTZ̄z̃mY

¸
(28)

where

z̃mX = [z̃
m
X (1), : : : z̃

m
X (NX)]

T (29)

and similarly for z̃mY .

The synthetic measurement and process covariances

remain the same, and the state estimates may now be

determined using a Kalman Filter.

The results above can be extended to higher dimen-

sions, for example if the sensor forms range, Doppler,

azimuth and elevation bins, then the sensor image would

be four dimensional. In such a case, compact expres-

sions such as (28) rely on stacking the dimensions to

take advantage of matrix algebra.

The matrix-vector formulation above does not ex-

plicitly reduce the number of operations required. How-

ever, if the algorithm is implemented in a higher level

computer language, it is likely that expressing the

mathematics this way makes the algorithm amenable

to the language’s intrinsic pipelining and paralleli-

sation capabilities. It is the author’s experience that

within the Matlab environment the speed difference is

significant.

3.5. Numerical Illustration

Consider a simplistic example to numerically verify

the scaling of the algorithm as a function of image size

and the number of targets. At this stage we have not

introduced track management, so the algorithm is ini-

tialised with the true state of each target and recursively

updated using the various efficiency measures described

above. Fig. 1 shows an example scenario with 24 targets.

All of the targets move with a speed of 1 pixel per frame

and are positioned away from the image boundaries and

each other. For small images with many targets, there

will be inevitable overlap.

Monte Carlo trials of the scenario in Fig. 1 were

performed as a function of the number of targets and

the image size. The target spacing was proportional to

the image size. For each combination of target count

and image size, 100 Monte Carlo trials were performed

(a total of 9£ 16£ 100 = 14400 trials). The CPU time

spent by H-PMHT is shown in Fig. 2 with 1-sigma

error-bars. Fig. 2(a) shows the increase in cost as a

function of the number of targets with a separate curve

Fig. 1. Scaling scenario.

for each image size. There is no statistical difference

between any of these curves. The growth appears to

be somewhat less than linear in the number of targets.

This is because of the pipelining effect mentioned in

the previous section: the code itself has a simple loop

over the targets, but the cost of executing this loop

is less than linear because of loop overheads and the

Matlab interpreter’s ability to optimise the loop. The

independence of the CPU cost from total image size

is emphasised in Fig. 2(b) where the cost for a fixed

number of targets is shown as a function of image size.

Different curves show an increasing target density, but

each curve remains flat.

Next the effect of partial EM iterations was investi-

gated using a fixed number of 4 targets and an image

size of 50,000 pixels. The target geometry was the same

as in the scaling simulations. However, track manage-

ment was used to automatically acquire the targets in-

stead of initialising with the truth, as above. The track

manager is described in Section 4. The maximum num-

ber of EM iterations for a single time update was lim-

ited to 100, but this limit was rarely met. The number

of iterations for each update of each track was counted

for 100 monte carlo trials. Under full EM iterations, all

tracks are iterated until all tracks have converged, so

the number of iterations was the same for all tracks at

a particular scan. Under partial EM iterations, iterations

were only performed on tracks yet to converge, so the

number of iterations can be different for each track.

The track manager used candidate and established

tracks as part of the initiation scheme, as described in

Section 4. Separate counts were recorded for candidate

and established tracks. The mean number of EM itera-

tions for established tracks was 2.7 under full EM iter-

ations and 2.1 under partial EM iterations. The benefit

is minor because the uncertainty in the target state is

small and only a couple of EM iterations are required.

In effect, the prior is very good because these tracks

correspond to real targets that have been under track
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Fig. 2. CPU requirement scaling. (a) Growth with number of

targets. (b) Growth with image size.

for some time. In contrast, the mean number of EM

iterations for candidate tracks was 55.8 under full EM

and 12.0 under partial EM. Histograms of the number of

iterations per track under full and partial EM are shown

in Fig. 3.

In this example, the tracker only formed estab-

lished tracks on the 4 targets whereas there were an

average of 74.8 candidate tracks. This means that the

computational performance is limited by the candidate

tracks, and the partial EM iterations have delivered

roughly a factor of 5 improvement. The number of can-

didate tracks depends on the size of the surveillance

region and, in practice, the maximum number of iter-

ations would be limited to many fewer than 100. This

means that the benefit of partial EM iterations will be

application dependent and likely much less than the

factor of 5 here. Nevertheless, it offers a substantial

improvement.

Fig. 3. Benefit of partial EM iterations.

4. TRACK MANAGEMENT

The core H-PMHT algorithm updates existing

tracks, but does not provide a means for initiating new

tracks or terminating old tracks. These functions are

essential for a operationally relevant tracker, especially

since the benefit of H-PMHT is espoused as high de-

tection sensitivity. This section describes how track ini-

tiation and termination can be incorporated into the al-

gorithm.

To begin with, observe that the H-PMHT as a black-

box looks very similar to a Joint Probabilistic Data

Association tracker: there is a list of tracks, grouped

into clusters, which interact with each other, and the

algorithm modifies these tracks based on observed data.

Given this structural familiarity, it should come as no

surprise that well known track maintenance methods can

be directly used with H-PMHT.

The tracker uses two lists of tracks: established

tracks, which the algorithm has high confidence in; and

candidate tracks (also referred to as tentative tracks),

which correspond to potential targets, but do not have a

high confidence. Candidate tracks are promoted to es-

tablished based on their confidence, and track termi-

nation is also based on confidence. Established tracks

have priority access to the sensor data, followed by can-

didate tracks, and finally a process which forms new

candidate tracks, as shown in Fig. 4. In the figure, the

two track-update blocks are separate instances of the H-

PMHT algorithm. For the purposes of this paper they

are identical, although for some applications it may be

appropriate to vary their parameters. The measurements

and residual measurements are sensor images. The hi-

erarchial data access prevents the tracker from forming

duplicate tracks on targets that already have an existing

track in either the established or candidate list.

Recall that these two track lists are a representation

of a mixture model. In this light, one can view the

established track list as those components of the mixture

that are persistent and relatively strong, whereas the
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Fig. 4. Track management flow diagram.

candidate track list is a mixture representation of the

remaining image structure that is inconsistent with the

clutter model.

In order to realise the management structure in Fig. 4

the following elements are required: a measure of track

quality or confidence; a set of rules for track decisions;

a method for vetting the sensor image to enable hi-

erarchial data access; and a method for forming new

candidate tracks based on data. Each of these is now

described.

The quality of each track is quantified by estimating

the track’s SNR. In this context, define the SNR as the

ratio of the peak level of the target spread function to

the local noise floor. It will be expressed in decibels,

namely

smt ´ 10log10
¼mt maxlfPml g

¼0t
: (30)

For a rectangular image, a Gaussian point spread func-

tion and uniform clutter, the SNR is simplified to

smt = 10log10
¼mt NXNY
¼0t j2¼Rj

: (31)

The SNR equations above use the true mixing pro-

portions, ¼mt , which must be replaced by their estimates,

since they are unknown. This paper is focused on a

sequential implementation of H-PMHT, which means

that these estimates are based on a single frame of data

and are therefore expected to fluctuate. An alternative

is to introduce dynamics within the ¼mt priors through

the Hysteresis approach [7]. This method has not yet

been applied to H-PMHT. However, the algorithm is

very similar to the point-measurement PMHT used in

[7] and the application of the Hysteresis model would

be relatively straightforward.

The next element of the track manager is the set

of decision rules. Since the track confidence is driven

by SNR estimates based on a single frame of data,

the track quality statistics are expected to fluctuate and

it is appropriate to use M out of N style decisions,

much the same as might be used in a conventional

point-measurement tracker. The particular threshold and

suitable values for M and N are application dependent.

The values used in specific examples in this paper are

provided with the examples.

The data vetting function is used to give the differ-

ent status tracks hierarchial access to the sensor image.

In a point-measurement tracker, this is as simple as re-

moving measurements that have been associated with

established tracks from the measurement list before data

association with the candidate tracks. The H-PMHT re-

quires a vetting method that modifies the sensor im-

age and removes target energy associated with existing

tracks. For this, the track manager uses the whitening

method proposed in [24].

The H-PMHT estimates the parameters of a mixture

distribution. On convergence, the total cell probabilities,

P, represent the fitted distribution. Near targets, the Pl
values will be relatively high and for pixels far from

targets, the Pl value will be purely the background noise

component, ¼0P0l . The ratio of the total cell probability

to the background component, Pl=(¼
0
t P

0
l ) is a mask

which is unity far from targets and has a higher value

close to targets. Dividing the sensor image pixel-wise

by this mask suppresses the targets

z0tl =
¼0t P

0
l

Pl
ztl: (32)

This whitened image is provided as input to subsequent

stages. Namely, the established track mixture whitens

the image before candidate tracks are updated and then

the candidate track mixture whitens the image before

the manager attempts to start new candidate tracks.

Fig. 5 shows a simplified illustration of the process.

In the example, there are two targets: one broad target

at (45,60) and a more compact one at (40,40). The

background noise is uniform and Gaussian. Fig. 5(a)

shows the sensor image. Suppose that the tracker has an

established track on the broad target. Fig. 5(b) shows the

mixture model corresponding to the established track
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Fig. 5. Sensor image vetting. (a) Original sensor image. (b) Mixture pdf of existing tracks. (c) Whitened sensor image.

list. Fig. 5(c) shows the whitened image achieved by

pixel-wise dividing the image in (a) by the image in

(b). The second target is preserved but the first target,

for which a track already exists, is suppressed.

The final element of the track manager is the process

to create new candidate tracks. The author has tested

two alternatives for this process. The first alternative

is to use incoherent integration along with the process

model to accumulate data over multiple frames. When

a pixel exceeds a prescribed threshold, a new candidate

track is created in that location with zero velocity. This

is similar to one-point initialisation [3] but the detector

input is an accumulated image instead of a single frame.

The accumulated image is recursively defined as

³t = (1¡®)Zt+®f³t¡1 ? Tg (33)

where 0< ®< 1 is a forgetting factor, ? is a two dimen-

sional convolution, and T is a transition kernal which

gives the prior probability that a target in pixel (i,j) at

time t¡1 will be in pixel (i0,j0) at time t: it is spec-
ified by the prior target velocity distribution. The au-

thor found this method to work well for slow moving

targets.

The application in this paper uses the second method

for forming candidates: two point differencing [3]. Here

a single frame detector is used to locate potential targets

and then a new candidate track is formed on pairs

of detections from consecutive frames when they are

sufficiently close. This was found to work better in the

application because the target moves through tens of

pixels between each frame and so the transition kernal

T above was too broad: the accumulated image was

dominated by the current measurement Zt and too many

candidate tracks were initiated on clutter.

5. STRUCTURED TARGETS

The original presentation of the H-PMHT algorithm

[22] showed that for linear Gaussian mixture com-

ponents, i.e., G(¿ j x) =N (¿ ;Hx,R), the EM auxiliary

function is equivalent to the log-likelihood of a point-

measurement filtering problem. This is achieved by fac-

torising (12) and completing the square. Essentially (12)

is a sum of quadratics in the target state which may be

collected into a single quadratic, which is equivalent to

the log of a normal distribution.

The same method can be used for a Gaussian mea-

surement function where the mean is a non-linear func-

tion of the target state, i.e., G(¿ j x) =N (¿ ;h(x),R),
with h(x) any function of the target state. In this case

completing the square leads to an equivalent point-

measurement problem where the measurements are non-

linear and the noise is Gaussian [6]. The original non-

linear relationship between the mean of the target point-

spread-function and the target state is preserved as the

non-linear point-measurement function, i.e.,X
l2S
¼m(i)t z̄tl

Z
Bl

Gm(¿ j xm(i)t ) logfGm(¿ j xmt )gd¿

! logfN (z̃;h(x), R̃)g: (34)

Depending on the non-linearity, this might be solved

by analytic linearisation (an extended Kalman Filter) or

Monte Carlo methods.

For a target signature that is non-Gaussian, it be-

comes more difficult. For an arbitrary target, the integral

in (34) is intractable. One solution is to use a numerical

approximation: in [6] a grid-based approximation was

used to evaluate the integral in (34) which was then

used as an equivalent likelihood function to drive a par-

ticle filter. This method is capable of tracking any tar-

get structure, including a non-parametric shape estimate

derived from data. However, it is numerically intensive.

This section describes an alternative method that can

used for non-Gaussian targets based on approximating

the target signature as a Gaussian with spatially varying

parameters.

5.1. Cell-Varying Point Spread Function

Unfortunately, the application that follows has a

more complicated measurement function than above.

In the application, the sensor builds up an image by

sweeping an antenna across azimuth and measuring a

range profile at each position. This creates an array of

data in range bins and azimuths, but the data from dif-

ferent azimuths is collected sequentially, not simulta-

neously. This means that the airborne sensor platform
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Fig. 6. Point spread function distortion due to sensor motion. (a) Target-sensor geometry. (b) Fixed sensor. (c) Moving sensor.

moves between azimuth collects, and the relative tar-

get position changes. The sensor response is a non-

linear function of the relative target position. One way

to model this is through a cell-varying target response:

G(¿ j x)!Gl(¿ j x).
It can be shown (see Appendix A.1 for details) that

the point-measurement result (34) can be further ex-

tended to the cell-varying psf situation. Provided that

the target response can be expressed as a Gaussian func-

tion with a cell-dependent non-linear mean, Gl(¿ j x)
=N (¿ ;hl(x),R), then there exists an equivalent point-
measurement problem withX

l2S
¼m(i)t z̄tl

Z
Bl

Gml (¿ j xm(i)t ) logfGml (¿ j xmt )gd¿

! logfN (z̃mt ; h̃mt (xmt ), R̃
m

t )g: (35)

Refer to R̃
m

t , h̃
m
t (x) and z̃

m
t as the synthetic-measure-

ment-covariance, synthetic-mean and synthetic-mea-

surement respectively. For clarity, suppress the time and

target indices.

The synthetic measurement covariance is the same

as for the linear case, given in (15), namely

R̃=
1

pm(i)t

R

´ (¼m(i)t w)¡1R

where w =
P
l2S wl, and wl = z̄tlP

m
l (x

m(i)
t ).

The synthetic mean is defined as

h̃TR¡1h̃=
1

w

X
l2S
wlh

T
l R

¡1hl: (36)

If the psf is separable, as in the previous section, then

R will be diagonal, and (36) simplifies to

h̃(j) =

s
1

w

X
l2S
wlhl(j)

2: (37)

That is, h̃ is a weighted RMS average of the hl values.
The synthetic measurement is defined as

h̃TR¡1z̃=
1

w

X
l2S
wlh

T
l R

¡1z̃l (38)

where z̃l is the cell-level centroid for the target at cell l

and is given by (14). Again, if the psf is separable, then

R will be diagonal, and (38) simplifies to

z̃(j) =
1

wh̃(j)

X
l2S
wlhl(j)z̃l(j): (39)

5.2. Application Example

For the application in this paper, the sensor forms

range and azimuth cells and it moves as it collects the

data. We now demonstrate how the cell-dependent psf

model just described can be used to account for this

motion.

Let (ustl,v
s
tl) denote the Cartesian position of the

sensor when cell l was observed. These locations change

from one scan to the next and within the scan (hence

the indices). The target state is in a Cartesian frame

xmt = [u
m
t , _u

m
t ,v

m
t , _v

m
t ]
T but the sensor response is polar,

based on the range and bearing to the target when the

particular cell was formed.

Note that both the target and the sensor move as a

function of time but only the sensor motion has been

modeled at a cell-to-cell level. The target has been

implicitly assumed to be at the same position for every

cell l. This is not correct because it’s a moving target,

but the target speed in the application is small and the

effect of target motion will be assumed to be minor.

Because the sensor moves between collecting cells,

the range and bearing equation is cell-dependent and is

given by

hl(x
m
t ) =

8><>:
q
(umt ¡ustl)2 + (vmt ¡ vstl)2

arctan

μ
vmt ¡ vstl
umt ¡ ustl

¶
9>=>; : (40)

The effect of this sensor movement is therefore to

distort the psf. Fig. 6 illustrates the difference between

the psf for a fixed sensor and for a moving one. Fig. 6(a)

shows the target-sensor geometry, (b) shows the psf

for a fixed sensor at (1000,1000) and (c) shows the

moving sensor psf. This is an exaggerated example, but

illustrates the potential effect of sensor motion.
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Fig. 7. Non-Gaussian point spread function. (a) Continuous-domain target psf. (b) Target response per cell. (c) Cell-varying spread function.

Substituting the cell-dependent hl(x
m
t ) definition into

the synthetic measurement leads to the equivalent mea-

surement function

h̃(x) =

8>>>><>>>>:

μ
1

w

P
l wl[(u

m
t ¡ustl)2 + (vmt ¡ vstl)2]

¶1=2
Ã
1

w

P
l wl

·
arctan

μ
vmt ¡ vstl
umt ¡ ustl

¶¸2!1=2
9>>>>=>>>>;
(41)

which is the weighted root-mean-square range and bear-

ing.

The estimation problem has been transformed from

an image-measurement with target distortion due to

motion, into a point-measurement with Gaussian noise.

The implementation demonstrated in Section 6 used an

extended Kalman Filter (EKF) to deal with the non-

linearity [3]. Although the weighting values, wl, are data

dependent, the synthetic measurement function may be

constructed analytically, so it is possible to determine a

Jacobian.

The sensor positions in (41) are known constants and

the derivatives required for the Jacobian can be shown

to be

@h̃(x)[1]

@umt
=

1

h̃(x)[1]

Ã
umt ¡

1

w

X
l

wlu
s
tl

!

@h̃(x)[1]

@vmt
=

1

h̃(x)[1]

Ã
vmt ¡

1

w

X
l

wlv
s
tl

!

@h̃(x)[2]

@umt
=¡ 1

h̃(x)[2]

1

w

X
l

wl
vmt ¡ vstl

(umt ¡ ustl)2 + (vmt ¡ vstl)2

@h̃(x)[2]

@vmt
=

1

h̃(x)[2]

1

w

X
l

wl
umt ¡ ustl

(umt ¡ustl)2 + (vmt ¡ vstl)2

which are unsurprisingly very similar to the terms found

in a standard range-bearing point-measurement prob-

lem [3].

5.3. Numerical Illustration

The result above may seem obscure and perhaps

only useful in special situations. However, it can ac-

tually be used as a very general tool for approximating

non-Gaussian targets. In [6] the particle filter was used

to track a non-Gaussian target with H-PMHT. The tar-

get in that example was chosen look look like the letter

C. It was shown that a non-Gaussian H-PMHT was far

superior to the Gaussian approximation on several ex-

amples, including crossing targets and track initiation.

We now demonstrate that this same letter C target can be

tracked well using a cell-varying Gaussian point spread

function. The purpose here is to qualitatively indicate

the utility of the approach, not quantitatively assess it.

The letter-C target signature is given in radial coor-

dinates by

h(r,μ) =

(
A if 5¸ r ¸ 6 and jμj> ¼

4

0 otherwise

(42)

where A is a normalising constant. This response is

shown in Fig. 7(a). The contribution of the target to

each pixel is the integral of h(r,μ) over that pixel. An

example of this is shown in Fig. 7(b).

Approximate the target signature by

hl(x,y) =

·
x

y

¸
¡
·
xl

yl

¸
(43)

where xl and yl define a cell varying mean.

Denoting the coordinates of cell l as (il,jl), and

their radial equivalent coordinates as (rl,μl), then an

appropriate cell varying mean is

·
xl

yl

¸
=

8>>>>>>>>>>><>>>>>>>>>>>:

·
il

jl

¸
if 5¸ rl ¸ 6
and jμlj>

¼

4

Hxmt +5:5

·
cos(μl)

sin(μl)

¸
if 0:9£ 5¸ rl ¸ 1:1£ 6
and jμlj> 0:9£

¼

4·¡1
¡1

¸
otherwise

(44)

with H the common cartesian position-only measure-

ment matrix.
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Fig. 8. Non-Gaussian target estimation accuracy.

Fig. 9. Small speedboat target.

The second tier allows for a graduated step down

from the C rather than a sudden drop. This gives the

algorithm an opportunity to correct for initialisation

errors. A similar method was used in [6]. The resulting

approximate target response is shown in Fig. 7(c).

The cell-varying approximation to the C psf was

implemented and compared with the particle filter al-

gorithm of [6]. Several scenarios were considered in

[6], but for brevity only one of them is repeated here.

This test scenario contains a single target under con-

stant velocity motion, which the tracker must detect

and track. The performance measure is the 2-D RMS

estimation error averaged over 100 Monte Carlo trials.

For this scenario there was a significant degradation in

performance when the C psf was estimated with a sin-

gle Gaussian compared with the particle filter H-PMHT

implementation. Both of these RMS curves are shown

in Fig. 8 along with the performance attained with the

cell-varying approximation.

It is clear that the cell-varying approximation gives

similar performance to the particle filter in this case.

Although neither of the algorithm implementations has

been optimised, it is informative to look at the com-

putation cost. For 500 particles, the H-PMHT particle

implementation took 430 seconds per monte carlo trial,

compared with 3.4 seconds for the cell varying Gaussian

and 1.7 seconds for the fixed Gaussian. Obviously this

analytic approximation method has been able to achieve

similar performance as numerical approximation at a

fraction of the cost.

The results here show only a simple scenario where

it was straightforward to devise a mapping of the non-

Gaussian target psf to a cell-varying Gaussian one. In a

more realistic situation it may be a more difficult task.

Nevertheless, the example illustrates the power of this

method: for only a minor increase in computation cost it

allows the use of an arbitrary psf, not merely a Gaussian

one.

6. DETECTING A SMALL BOAT

An implementation of H-PMHT for detecting a boat

in experimental data is now described. The data used

was collected by DRDC in Halifax harbour, Canada, us-

ing the DRDC Ottawa X-band Wideband Experimental

Airborne Radar. The sensor observed a small speedboat,

as shown in Fig. 9. A detailed description of the exper-

iment and the data characteristics can be found in [13],

[11], [12].

Some salient features of the experimental data will

now be discussed and a conventional sequential detect-

then-track processing method described. The conven-

tional algorithm is then compared with the H-PMHT

output.

6.1. Data Characteristics

Due to the high sensor bandwidth, the range reso-

lution of the sensor was quite fine compared with the

physical extent of the target, and the resulting range pro-

file was spread over many range bins. The sensor swept

through azimuth and collected range profiles. Again, the

azimuth resolution was relatively fine compared with

the beam width of the sensor, so the target response

was spread over many azimuth bins.

The volume of data from the sensor is relatively

large: each scan consists of around 13000 range bins

and over 400 azimuth bins. This makes it challenging

to process the data in a timely manner and provides

an excellent measure of the scalability of the H-PMHT

approach to realistic surveillance volumes.

Fig. 10 shows a segment of one scan. Two strong

returns are evident near the centre of the image. The

rightmost return is from a buoy which happened to be

near the target, and the leftmost one is the speedboat.

Both buoy and boat have a response that is spread over

tens of range bins and tens of azimuths. Numerous

other vertical streaks are evident. These are due to sea

clutter and are unfortunately target-like. Dividing the

environment into background noise and interference

spikes, it is clear that the signal to noise ratio is high.
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Fig. 10. Segment of a single scan showing target and clutter.

Fig. 11. Target trajectory (local cartesian frame).

However, the signal to interference ratio is not. In fact

the brightest spots on each image are usually sea clutter

spikes.

McDonald has characterised the clutter distribution

[13], [11], [12]. It was found to be well described

by a KA distribution, which has significantly higher

tails than the Rayleigh distribution typically assumed

by radar applications of TkBD. This is of no direct

consequence for H-PMHT since it does not use the data

likelihood ratio, but it may be expected to lead to higher

false track rates.

Fig. 10 also highlights that the target response in

range is not simply a broad point spread function, but

rather shows a much more complicated structure due to

scattering off various parts of the boat. The target has

the potential to be perceived by the sensor as several

targets.

The speedboat was fitted with a GPS logger. How-

ever, registration of the GPS data with the radar data has

proven difficult [13]. Thus the GPS data is useful as an

Fig. 12. Target trajectory (sensor frame).

Fig. 13. Target-sensor geometry.

indication of where the target is, but it is not useful from

the perspective of determining target localisation error.

The data of interest is a sequence of 40 frames

collected while the speedboat was manoeuvring. The

boat was initially almost stationary for around 10 frames

and then it accelerated, following a snaking trajectory

for the remaining frames. The signal to noise ratio

during the first part of the trajectory was relatively poor,

but increased when the speedboat moves more quickly.

Fig. 11 shows the speedboat trajectory in local carte-

sian co-ordinates and Fig. 12 shows the trajectory in the

measurement frame (range and azimuth cells). These

figures highlight the volatility of the target motion and

also demonstrate that the target was moving very rapidly

through the sensor field of view. Between scans 10 and

25, the target moves through roughly 1500 range cells.

Fig. 13 shows the overall scenario geometry in local

cartesian co-ordinates. Circles mark the starting position

of the aircraft and the boat and triangles mark their final

position. The aircraft maintained an approximately con-

stant altitude of 300m and moved in an approximately

straight path.

DAVEY: DETECTING A SMALL BOAT USING HISTOGRAM PMHT 179



Fig. 14. Target trajectory (sensor frame). (a) Input sensor image. (b) Smoothed sensor image. (c) Segmentation mask.

6.2. Conventional Detection and Tracking

The conventional approach is to apply a single frame

detector followed by a point-measurement tracking al-

gorithm. In this case, the size of the target response is

relatively large compared with the sensor resolution, so

it is appropriate to use an image segmentation based

detector. The general strategy is to find the centroids of

extended objects and track them using a Probabilistic

Data Association Filter (PDAF), similar to [15].

A significant effort was spent in tuning the prepro-

cessing before applying the PDAF. First, it was observed

that the target signal was spread over a greater number

of image cells than the impulsive noise returns. This

motivated the use of spatial averaging, which was imple-

mented by convolving the sensor image with a 10 beam

by 5 range uniform rectangular kernel. A threshold was

then applied to the smoothed image and adjacent pix-

els that exceed the threshold using a two-pass labeling

algorithm [9] (this can be efficiently implemented in

Matlab via the bwlabel function). The centroid of each

connected set of pixels was determined and this cen-

troid was mapped to a cartesian reference space. Mea-

surements were only retained if the number of fore-

ground pixels (i.e., threshold crossings) associated with

a particular object was within an upper and lower toler-

ance band. This single-frame detection scheme was very

CPU-intensive to perform, but yielded a high probabil-

ity of detection for very few false alarms. From this

point onwards, it was straightforward to form tracks, so

only a very simple point-tracker was considered.

Fig. 14 illustrates the preprocessing used to feed the

conventional tracker. Fig. 14(a) shows the raw radar

image with a green circle at the GPS location, which is

close to the target but not co-located with it. Fig. 14(b)

shows the result of the smoothing filter and (c) shows

the output of the segmentation algorithm. The larger

target near the middle of the image is the buoy and the

smaller one to the left of the buoy is the boat.

Each measurement was transformed into a local

cartesian reference frame on the ground using the

known sensor location. The tracker assumed a cartesian

measurement model with a fixed sensor variance, R, as

given in Table I. The X-direction in the local frame was

approximately aligned with the radial between the target

and sensor (although this varied with time) and so the

measurement noise was smaller in the X-direction than

the Y-direction.

The PDAF used was a simplified version of the

algorithm described in [5] and differed from a text-book

algorithm (e.g. [1]) only in that it used target visibility

to determine the merit of tracks for track maintenance

decisions. Uniform clutter was assumed, the target state

was Cartesian position and velocity in two dimensions

and an almost-constant-velocity model was used. The

process noise for this model, Q, is given in Table I.

Thus the measurement association weights were

given by

¯i =
biPnt
i=¡1 bi

(45)

where nt is the number of measurements in the scan and

bi =

8>>>><>>>>:

1¡Pvtjt¡1
Pvtjt¡1

i =¡1

1¡Pd i = 0

PdV

j2¼Sj expf¡
1
2
d2i g 0< i· nt

(46)

with Pd the probability of detection, V the sur-

veillance volume, S the innovation covariance, d2i =

(Hx¡ zi)TS¡1(Hx¡ zi) the statistical distance between
the track and measurement i, and Pvtjt¡1 the predicted
target visibility, given by

Pvtjt¡1 = (1¡Pdeath)Pvt¡1jt¡1 +Prebirth(1¡Pvt¡1jt¡1)
(47)

where the probability of target death and rebirth are

tuning parameters given in Table I. The updated target

visibility is given by Pvtjt = 1¡¯¡1 and is used as the
basis of track management decisions. Similar to the

H-PMHT track manager, candidate tracks are formed

using 2-point differencing.

Table I lists the parameters of the conventional de-

tection and tracking approach.
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TABLE I

Conventional Detection and Tracking Parameters

Detector Parameters

minimum segment size 75 pixels

maximum segment size none

segmentation threshold 2 £ image mean
Tracker Parameters

track state vector [x, _x,y, _y]T

x and y in metres
_x and _y in metres per frame

measurement vector [x,y]T in metres

R

·
400 0

0 900

¸
Q

100

·
Q2 0

0 Q2

¸
Q2

·
1
3
¢3t

1
2
¢2t

1
2
¢2t ¢t

¸
Pdeath 0.012

Prebirth 0

initial visibility Pv0 = 0:5

promotion threshold Pvtjt > 0:6 for any t > 4 frames

6.3. Specific H-PMHT models and Parameters

The H-PMHT was implemented as a time-recursive

filter for this analysis, that is, there was no batch; each

scan was processed sequentially and only one scan was

available to the algorithm at a time. The state estimates

were not smoothed.

Two processing strategies for H-PMHT were con-

sidered. In the first, the movement of the sensor was

ignored, and the target state was modeled in the mea-

surement frame. That is, the state was pixels and pixels

per frame. This makes life much easier for implementa-

tion, and the separable point spread function expressions

may be used. This version is referred to as H-PMHT(rb)

since the target state is in range-beam space.

The second strategy was to model the target state in

Cartesian coordinates on the ground and use the cell-

dependent non-linear method to relate the target state

to the sensor image. This approach has much higher

implementation complexity but should more accurately

model the true system. This version is referred to as

H-PMHT(xy).

The H-PMHT(rb) software was a Matlab implemen-

tation of the equations derived in Section 3.4. There are

two integrals that need to be implemented and these

are vector versions of the per-cell contribution of each

target in (6)

Pml (x
m
t ) =

Z
B
l

Gm(¿ j xmt )d¿

and the cell-level centroid in (14)

z̃mtl =
1

Pml (x
m
t )

Z
B
l

¿Gm(¿ j xmt )d¿:

TABLE II

H-PMHT Parameters

Detector Parameters (used to form candidate tracks)

minimum segment size 75 pixels

maximum segment size none

segmentation threshold 3 £ image mean
H-PMHT(rb) Parameters

track state vector [r, _r,b, _b]T

r and b in cells
_r and _b in cells per frame

Q

·
100Q2 0

0 104Q2

¸
H-PMHT(xy) Parameters

track state vector [x, _x,y, _y]T

x and y in metres
_x and _y in metres per frame

Q
1:2£ 105

·
Q2 0

0 Q2

¸
Common Parameters

measurement vector [r,b]T in cells

R

·
400 0

0 900

¸
confirmation threshold 4 frames greater than 20 dB

Appendix A.2 provides some discussion on implement-

ing these integrals. Besides those two expressions, the

remaining software is a direct encoding of Section 2.4.

The background was assumed to be uniform and

the target was assumed to be a simple Gaussian with

a diagonal covariance matrix as given in Table II. The

target was more spread in azimuth than range, so the

azimuth variance was higher.

The target model was an almost constant velocity

model in the plane. That is, the target motion was

approximated with a constant rate of movement through

range and azimuth bins. The target state was in units of

bins for position and bins-per-scan for velocity. This

was transformed into ground units as a post-processing

stage for comparison with the other trackers and the

ground truth. The process noise variance used is given

in Table II, also using bins and scans as units.

The efficiency measures described in Section 3 were

employed, including gating and a per-target conver-

gence test. A maximum of 10 EM iterations was per-

formed per frame. The single frame detector used for

the PDA was also used here to seed candidate tracks

which were initialised using two-point differences.

Candidates were promoted if they had an estimated

SNR of greater than 20 dB for four frames and termi-

nated if they had an estimated SNR of less than ¡5 dB
for two consecutive frames.

The H-PMHT(xy) software was a Matlab implemen-

tation of the cell-varying psf equations in Section 5.2.

This algorithm used the same measurement covariance
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Fig. 15. Small speedboat target.

matrix as the measurement-space implementation and

also used an almost constant velocity target model.

However, the target state was in different units, namely

metres, so a different process noise covariance matrix

was required, as given in Table II. The same track man-

agement rules were used as for the measurement-space

implementation.

For the H-PMHT(xy), the position part of the state

vector was in metres, but the measurement frame was

in range and azimuth cells. The estimator was therefore

implemented as an EKF as described in Section 5.2.

The measurement model included the scaling and offset

from range in metres to range in cells and similarly for

azimuth. The per-cell contribution of the target Pml was

calculated as described in Appendix A.2, but the cell-

centroids were replaced by the cell-dependent terms in

Section 5.2.

6.4. Results

The tracking outputs of the PDAF based approach

and the two H-PMHT approaches are now presented.

Each are compared with GPS data collected from the

target of interest.

Fig. 15 shows all of the output tracks from each of

the three trackers overlaid with the GPS measurements.

The target tracks are roughly centred in the plot and

move from left to right. As mentioned earlier, there was

a buoy that was coincidentally in the region, near to the

target. The buoy location is slightly north of the target

starting position. There are no other known targets in

the area, and the other tracks are assumed to be false.

All three trackers were able to detect the speedboat

and the buoy. The PDAF tracker shows a number of

false tracks to the south of the area, which is closer in

range to the sensor. At close range, the clutter spikes are

more prominent and so the tracker forms false tracks.

By manual inspection, the tracks that have followed

the target were determined and are shown on Fig. 16. It

is clear that none of the trackers were able to detect the

target during the initial period where it was stationary.

Fig. 16. Small speedboat target.

During this time it is not possible to detect the target

by eye in the data either: the received SNR is very low.

Once it starts moving and the SNR improves, the PDAF

tracker took a little longer to establish track.

At approximately scan 32, the target performed a

manoeuvre that caused the PDAF tracker to diverge.

Unfortunately, soon after this the target left the sensor

coverage area in scan 39 and there is insufficient data

to determine whether the PDAF would have recovered

from the error. The measurement-space H-PMHT(rb)

tracker lost the target at the same time. The ground-

space H-PMHT(xy) followed the target until the sec-

ond to last scan. However during the last ten scans it

produced a duplicate track on the target. The original

track started out following the centre of mass of the tar-

get response, but later it drifted slightly to focus on the

short-range component (recall that the target response

is a complicated superposition of multiple partially re-

solved scatterers). This caused the tracker to form a sec-

ond track on the longer-range component of the target

response.

Fig. 17 shows tracks that were manually determined

to be following the buoy. The buoy has an extremely

high SNR and is easily tracked by all of the algorithms.
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Fig. 17. Strong buoy target of opportunity.

At times, the peak level of the buoy is 40 dB higher

than the boat. However, the H-PMHT(xy) track is con-

siderably smoother than the others, especially the PDAF

which shows several large excursions. This is partly be-

cause the PDAF was tuned with a relatively high pro-

cess noise to cope with the high manoeuvrability of the

speedboat and partly because the detection process re-

ports the centroid of a group of connected pixels, which

can be highly variable.

The implementation of the algorithms was not opti-

mised, so the CPU time spent by each is not a reliable

measure of performance. Nevertheless, figures are given

as a qualitative comparison. The H-PMHT(rb) was the

fastest algorithm, requiring 280 CPU seconds to run un-

der Matlab on a quad core PC. For the PDAF approach,

the single-frame detector was orders of magnitude more

expensive than the PDAF tracker. This is because of the

very large number of pixels in the sensor image and

the double-pass clustering required to extract detections.

In fact, the single-frame detector took around twice the

computation effort of the measurement-space H-PMHT.

Substantial experimentation showed that simpler detec-

tors for the PDAF lead to an abundance of false tracks.

The PDAF total cost was 478 CPU seconds.

The ground-space H-PMHT(xy) was the slowest at

575 CPU seconds. Since the sensor image is so large,

the available memory limited the number of interme-

diate variables that could be stored. In particular, for

candidate tracks, it was not feasible to store the Pml val-

ues, which meant that they had to be calculated twice

for each EM iteration. These values alone can amount

to around half a gigabyte of storage for a modest num-

ber of tracks. Thus the trade-off between memory and

computation resulted in a longer execution time for the

ground-space H-PMHT. For the sensor-space H-PMHT,

these quantities can be stored as their marginal vectors,

which are a fraction of a percent of the size. An op-

timised implementation of the ground-space algorithm

could alleviate much of this overhead.

7. SUMMARY

This article has reviewed the Histogram PMHT algo-

rithm from an implementation perspective. It addresses

some of the practical issues arising from real applica-

tions: efficient implementation, track management, and

non-linearity. The purpose has been to demonstrate that

the encouraging simulation results obtained in recent

comparisons on thumbnail images with benevolent tar-

gets do translate to more realistic conditions.

The H-PMHT algorithm was applied to an experi-

mental data set collected by DRDC containing a ma-

noeuvring speedboat amongst highly challenging sea

clutter and close to a strong secondary target: a buoy.

The buoy return was at times 40 dB higher than the

speedboat, which had a peak signal-to-interference ratio

of less than 0 dB. Nevertheless, the H-PMHT algorithm

was able to detect the boat and follow its manoeuvres

while forming almost no false tracks. The H-PMHT

demonstrated a good ability to track multiple closely

spaced targets with a high dynamic range.

The experimental data was also processed via a

more conventional method, using image segmentation

and a PDAF. The conventional output took marginally

longer to establish track on the target and produced

more false tracks. The conventional detector was very

computationally demanding so the overall cost of the

H-PMHT was less than the conventional approach.

The good performance of H-PMHT illustrates that

the algorithm is not sensitive to the assumed target

model, since the speedboat target response was a com-

plex interaction of multiple scatterers rather than a sim-

ple Gaussian. It was also not sensitive to target-like

clutter responses in the experimental data. Although the

H-PMHT does not explicitly model the clutter ampli-

tude likelihood, intuition suggests that the maths must

make some implicit modeling assumption, which would

doubtlessly be broken by this data. Initialisation was

also poor since the target moved very quickly through

the image at an average of one hundred range bins per

scan.
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In addition to the experimental case study, several

important results were introduced. An efficient matrix

representation of the algorithm was derived for two-

dimensional sensor images and when combined with ap-

propriate gating was demonstrated to give an algorithm

independent of sensor image size for a fixed resolution.

Track management was discussed in detail, a function

that recent papers describe as lacking from H-PMHT.

Finally a novel measurement model was introduced as a

method for dealing with non-Gaussian targets by trans-

forming them into a Gaussian target with a spatially

varying mean. This model was demonstrated on a sim-

ple simulation and used to compensate for ownship mo-

tion in the experimental data.

This article has demonstrated that H-PMHT is an

effective algorithm for automatically extracting multiple

targets against a very challenging background and can

process very high data volumes at a reasonable rate.
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APENDIX

A.1. Cell-varying Point Spread Function Derivation

Consider the measurement component of the target

auxiliary function (12)

TX
t=1

X
l2S
¼m(i)t z̄tl

Z
B
l

Gml (¿ j xm(i)t ) logfGml (¿ j xmt )gd¿:

(48)

For clarity, consider one term from the temporal

summation and suppress the target and time indices,

m and t. Abbreviate G(i)l ´Gml (¿ j xm(i)t ). Using the cell-

dependent Gaussian model, one time-slice of (48) be-

comes

¼(i)
X
l2S
z̄l

Z
B
l

G(i)l logfN (¿ ;hl,R)gd¿

=¡1
2
¼(i)
X
l2S
z̄l

Z
B
l

G(i)l (¿ ¡hl)TR¡1(¿ ¡hl)d¿ +C

=¡1
2
¼(i)
X
l2S
z̄l

(Z
B
l

G(i)l h
T
l R

¡1hld¿

¡2
Z
B
l

G(i)l h
T
l R

¡1¿d¿

)
+C

=¡1
2
¼(i)
X
l2S
z̄l

(
hTl R

¡1hl

Z
B
l

G(i)l d¿

¡2hTl R¡1
Z
B
l

G
(i)
l ¿d¿

)
+C

=¡1
2
¼(i)

(X
l2S
z̄lP

m
l (x

(i))hl(x)
TR¡1hl(x)

¡2
X
l2S
z̄lP

m
l (x

(i))hl(x)
TR¡1z̃l

)
+C

(49)

where C soaks up the terms that are constant with
respect to x, and

z̃l =
1

Pml (x
(i))

Z
B
l

N (¿ ;hl(x(i)),R)¿d¿ (50)

that is, the cell-level centroid defined in (14).
Let

w =
X
l2S
wl =

X
l2S
z̄lP

m
l (x

(i)): (51)

The expression in (49) can be represented as a single
quadratic by completing the square, i.e.,

¡ 1
2
¼(i)

(X
l2S
wlhl(x)

TR¡1hl(x)¡ 2
X
l2S
wlhl(x)

TR¡1z̃l

)
+C

=¡1
2
(z̃¡ h̃(x))TR̃¡1(z̃¡ h̃(x)) +C0 (52)

where C0 is another constant and the terms z̃, h̃(x),
and R̃ are to be determined. These terms allow the
measurement component of the auxiliary function to be
expressed as an equivalent point-measurement.
Choose

R̃
¡1
= ¼(i)

X
l2S
wlR

¡1 = ¼(i)wR¡1: (53)

Equating the quadratic terms gives

¡1
2
h̃(x)TR̃

¡1
h̃(x) =¡1

2
¼(i)
X
l2S
wlhl(x)

TR¡1hl(x)

¼(i)wh̃(x)TR¡1h̃(x) = ¼(i)
X
l2S
wlhl(x)

TR¡1hl(x)

h̃(x)TR¡1h̃(x) =
1

w

X
l2S
wlhl(x)

TR¡1hl(x)

(54)

which can be simplified to

h̃(x)[j] =

s
1

w

X
l2S
wlhl(x)[j]

2 (55)

if R is diagonal. Here, hl(x)[j] is the jth element of
vector hl(x).
Similarly, equating the linear terms

h̃(x)TR̃
¡1
z̃= ¼(i)

X
l2S
wlhl(x)

TR¡1z̃l

h̃(x)TR¡1z̃=
1

w

X
l2S
wlhl(x)

TR¡1z̃l

(56)

which simplifies to

z̃[j] =
1

wh̃(x)[j]

X
l2S
wlhl(x)

T[j]z̃l[j] (57)

if R is diagonal.
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A.2. H-PMHT integral simplifications

Implementation of H-PMHT requires the encoding

of two integrals, namely the per-cell contribution of

each target in (6)

Pml (x
m
t ) =

Z
B
l

Gm(¿ j xmt )d¿

and the cell-level centroid in (14)

z̃mtl =
1

Pml (x
m
t )

Z
B
l

¿Gm(¿ j xmt )d¿:

Here analytic expressions are developed for each of

these suitable for software implementation. It will be

assumed that the sensor cells, Bl, conform to a regular

grid and that the target psf is Gaussian, i.e.,

Gm(¿ j xmt ) =
1

j2¼Rj exp
½
¡1
2
(Hxmt ¡ ¿)TR¡1(Hxmt ¡ ¿ )

¾
:

The integral in (6) is simply the area under the pdf

for cell l and can be evaluated using erf functions since

Gm(¢) is Gaussian. However, these are relatively costly
to evaluate. For efficiency, the implementation in this

paper makes the approximation that Gm(¢) is constant
over Bl and so the approximate per-cell contribution is

Pml (x
m
t )¼

¢¿
j2¼Rj exp

½
¡1
2
(Hxmt ¡ ¿̄l)TR¡1(Hxmt ¡ ¿̄l)

¾
with ¿̄l the centre of cell l and ¢¿ the cell area, which is

the same for all cells because of the regular grid. This

approximation is reasonable when R is large compared

to the cell size and the psf is thus slowly varying, as is

the case for the application considered in this paper.

The cell-level centroid is the mean of the target psf

over the cell. An expression is now developed for this

for a one-dimensional psf. The two-dimensional version

is built from two one-dimensional terms as described

in Section 3. For simplicity of notation, assume that

the target state is simply position, so H is unity. The

extension to constant velocity is simply a matter of

book-keeping. Since the psf is one-dimensional, R is

a scalar.

Since Gm(¢) is Gaussian it follows that

Gm(¿ j xmt )0 =
dGm(¿ j xmt )

d¿
=Gm(¿ j xmt )

μ
xmt
R
¡ ¿
R

¶
which implies

¿Gm(¿ j xmt ) = xmt Gm(¿ j xmt )¡RGm(¿ j xmt )0:
Substituting this back into the centroid definition

gives

z̃mtl =
xmt
Pml

Z
Bl

Gm(¿ j xmt )d¿ ¡
R

Pml

Z
Bl

Gm(¿ j xmt )0d¿ ,

= xmt ¡
R

Pml

·
Gm
μ
¿̄l +

¢¿

2

¯̄̄
xmt

¶
¡Gm

μ
¿̄l ¡

¢¿

2

¯̄̄
xmt

¶¸
which is easily implemented in software.
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